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Suppose that G is a simple graph. Let g(G) and s(G) be the geodetic number and the Steiner
number of G, respectively. In this note, we prove that, for any nonnegative integers a, b and
r with a ≥ b ≥ 3 and r ≥ 3, there exists a connected graph Gwith g(G) = b, s(G) = a, and
r(G) = d(G) = r where r(G) and d(G) are the radius and diameter of G, respectively. This
result answers the conjecture of Chartrand and Zhang [G. Chartrand, P. Zhang, The Steiner
number of a graph, Discrete Math. 242 (2002) 41–54].
© 2008 Elsevier B.V. All rights reserved.
First, we introduce some definitions used throughout the paper. All graphs considered in this paper are finite simple
graphs. A vertex of a graph G is called a leaf if it is adjacent to only one vertex in G. A vertex v is an extreme vertex of G if,
for every two distinct vertices x, y adjacent with v, xy ∈ E(G). Thus, a leaf is an extreme vertex. For every pair of vertices
u, v in a graph, a u–v geodesic is a shortest path between u and v. For a graph G, let IG[u, v] denote the set of all vertices
lying on a u–v geodesic. And for S ⊆ V (G), let IG[S] denote the union of all IG[u, v] for all u, v ∈ S. S is a geodetic set of G if
IG[S] = V (G). The geodetic number g(G) of a graph G is the minimum cardinality of a set S with IG[S] = V (G). For F ⊆ V (G),
a Steiner tree of F in G is a minimum acyclic connected subgraph of G containing F , and the Steiner interval SG[F ] of F in G is
the set of all vertices in G which lie on some Steiner tree of F . A set F is called a Steiner set of G if SG[F ] = V (G). The Steiner
number s(G) is the cardinality of a minimum Steiner set in G.
Chartrand and Zhang [1] formulated a conjecture that for every triple a, b, r of integers with a ≥ b ≥ 3 and r ≥ 3,
there exists a graph G with g(G) = b, s(G) = a, and r(G) = d(G) = r where r(G) and d(G) are the radius and diameter
of G, respectively. In this paper, we confirm their conjecture by proving the existence of such a connected graph for any
nonnegative integers a, b and r with a ≥ b ≥ 3 and r ≥ 3.
Before proving the main result, we state some useful lemmas. Lemma 1 was proved by Chartrand and Zhang in [1].
Lemma 1 ([1]). If v is an extreme vertex in G, then v is contained in each geodetic set and Steiner set of G.
Lemma 2. Let F ⊆ V (G) and T be a Steiner tree of F in G. Then for each v ∈ V (T ) \ F , v is not a leaf of T .
Proof. Let v ∈ V (T ) \ F . If v is a leaf of T , then T − {v} is still a tree containing F , contradicting that T is a Steiner tree of F
in G. 
Lemma 3. Let F ⊆ V (G). If T is a Steiner tree of F in G and v ∈ V (T ) \ F , then the induced subgraph of V (T ) \ {v} in G is
disconnected.
Proof. If v ∈ V (T ) \ F and the induced subgraph H of V (T ) \ {v} in G is connected, then there exists a spanning tree T ′ of H
containing F with |V (T ′)| < |V (T )|, contradicting that T is a Steiner tree of F in G. 
E-mail address: ldtong@math.nsysu.edu.tw.
0012-365X/$ – see front matter© 2008 Elsevier B.V. All rights reserved.
doi:10.1016/j.disc.2008.10.010
4206 L.-D. Tong / Discrete Mathematics 309 (2009) 4205–4207
Let a, b, r be integers with a ≥ b ≥ 3 and r ≥ 3, and V0, V1, V2, . . . , V2r be disjoint sets with |V0| = b − 2,
|V1| = |V2| = |Vr | = |V2r | = 1, |Vi| = a − b + 1 for i ∈ {3, 4, . . . , r − 1, r + 1, . . . , 2r − 1}. Define G(r, a, b) = (V , E) as
a connected graph with vertex set V = V0 ∪ V1 ∪ V2 ∪ · · · ∪ V2r and edge set E = {xy : x ∈ Vi and y ∈ Vj for 1 ≤ i, j ≤ 2r
with |i− j| = 1 or 2r − 1} ∪ {uv : u ∈ V0 and v ∈ V1 ∪ V2}.
Lemma 4. Let a, b, r be integers with a ≥ b ≥ 3 and r ≥ 3, G = G(r, a, b) and S be a Steiner set of G. If Vi ∩ S is empty for
some 1 ≤ i ≤ 2r and T is a Steiner tree of G with respect to S, then Vi ∩ V (T ) has at most one element.
Proof. Assume that Vi∩S is empty. If there are two distinct vertices u, v in Vi∩V (T ), then for each ux ∈ E(G), vx ∈ E(G). This
implies that the induced subgraph of V (T )− {u} is connected; by Lemma 3, T is not a Steiner tree of S in G, a contradiction.

Lemma 5. Let a, b, r be integers with a ≥ b ≥ 3 and r ≥ 3, G = G(r, a, b) and S be a Steiner set of G. If Vi ∩ S is nonempty for
some 1 ≤ i ≤ 2r, then Vi ⊆ S.
Proof. Let u ∈ Vi ∩ S for some 1 ≤ i ≤ 2r . Suppose that there exists v ∈ Vi \ S. By S being a Steiner set of G, there exists a
Steiner tree T containing the vertex v. Since u ∈ Vi ∩ S, the induced subgraph of V (T ) \ {v} in G containing S is connected.
This contradicts the fact that T is a Steiner tree of S in G. Hence Vi ⊆ S. 
Proposition 6. Let G = G(r, a, b) for r ≥ 3 and a ≥ b ≥ 3. Then r(G) = d(G) = r, s(G) = a, and g(G) = b.
Proof. It is easy to check that d(G) = r(G) = r . Then we determine the geodetic number of G. Since all vertices of V0 are
extreme vertices by Lemma 1, every geodetic set contains all vertices of V0. For each vertex w ∈ V (G) \ V0, V0 ∪ {w} is not
a geodetic set, and V0 ∪ Vr ∪ V2r is a geodetic set; that is, g(G) = b.
Consider the Steiner number s(G) of G. Let S be a minimum Steiner set of G. By Lemma 1, V0 ⊆ S. Let V1 = {u1},
V2 = {u2}, Vr = {u3} and V2r = {u4}. If S ⊆ V0 ∪ V1 ∪ · · · ∪ Vr ∪ V2r , then for each xj ∈ Vj and r + 1 ≤ j ≤ 2r − 1,
there exists a Steiner tree T of S in G containing xj. By Lemmas 2 and 4, there exist xj−1 ∈ Vj−1 and xj+1 ∈ Vj+1 such that
the path (xj−1, xj, xj+1) is in T . Then, we have that there is a path (xr , xr+1, . . . , x2r) in T with xi ∈ Vi for r ≤ i ≤ 2r .
Since {u1, u2} is a cut set of G and S ⊆ V (T ), either u1 or u2 is a vertex of T . Let yi ∈ Vi for 3 ≤ i ≤ r − 1 and
U = (V (T ) \ {xr+1, xr+2, . . . , x2r−1}) ∪ {u1, u2, y3, y4, . . . , yr−1}. Then the induced subgraph of U in G is connected and
|U| ≤ |V (T )| − 1, contradicting that T is a Steiner tree of S in G. Thus there exists j ∈ {r + 1, . . . , 2r − 1} such that
Vj ∩ S is nonempty. By Lemma 5, Vj ⊆ S. It is easy to see that V0 ∪ Vi is not a Steiner set in G for any 1 ≤ i ≤ 2r . Since
S[V0 ∪ V1 ∪ Vr+1] = V (G), s(G) = (b− 2)+ a− (b− 1)+ 1 = a. The proof is complete. 
Pelayo [2] gave a correction of a main theorem in [1]. He proved that not all Steiner sets are geodetic sets and there are
connected graphs whose Steiner number is strictly lower than their geodetic number. Chartrand and Zhang proved that if G
is a connected graph of order≥ 2, s(G) = 2 if and only if g(G) = 2, and the n-cube Qn is a graph with s(G) = g(G) = 2 and
d(G) = r(G) = n for n ≥ 2. In the following, we show that for integers a ≥ b ≥ 3, there exists a connected graph G with
s(G) = b and g(G) = a. Define H(a, b) as a connected graph with vertex set {x1, x2, . . . , xb+5} ∪ {ui, vi : 1 ≤ i ≤ a− b} and
edge set {xixi+1 : i = 1, 2, 3, 4} ∪ {x2x6, x6x7} ∪ {x7xj : 8 ≤ j ≤ b+ 5} ∪ {x2ui, uivi, vix4, vix7 : 1 ≤ i ≤ a− b}.
Proposition 7. Suppose that a ≥ b ≥ 3 and H = H(a, b). Then s(H) = b, and g(H) = a.
Proof. If a = b, then H(a, b) is a tree with b leaves; by Theorem 2.9 in [1], g(H(a, b)) = s(H(a, b)) = b. Assume
that a > b ≥ 3. Since x1, x5, x8, . . . , xb+5 are leaves in H , by Lemma 1, every Steiner set contains them. Let F =
{x1, x5, x8, . . . , xb+5}. The induced subgraph of {x1, x2, . . . , xb+5} is a Steiner tree of F in H . Then the induced subgraph
of {x1, x2, . . . , xb+5} \ {x3, x6} ∪ {ui, vi} is also a Steiner tree of F in H for 1 ≤ i ≤ a− b. These imply that SH [F ] = V (H); that
is, s(H) = b.
We claim that g(H) = a. Let S be a minimum geodetic set of H . By Lemma 1, S contains vertices x1, x5, x8, . . . , xb+5.
By observation of the structure of H , if ui is an internal vertex of a u–v geodesic P in H , then x2ui, uivi are edges of P . If
vi is not a terminal vertex of P , then either vix4 or vix7 is an edge of P . But (x2, x3, x4) and (x2, x6, x7) are shorter than
(x2, ui, vi, x4) and (x2, ui, vi, x4), contradicting the fact that P is a geodesic in H . This forces that either u = vi or v = vi.
Thus for each i ∈ {1, 2, . . . , b − a}, if ui 6∈ S then vi must be an element of S. This implies that |S| ≥ a. And we have that
{x1, x5, x8, . . . , xb+5, u1, u2, . . . , ua−b} is a geodetic set; that is, g(G) = a. 
Finally, we raise a conjecture that:
Conjecture 8. For integers r ≥ 3 and a ≥ b ≥ 3, there exists a connected graph G with r(G) = d(G) = r, s(G) = b, and
g(G) = a.
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